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Abstract: This paper studies contraction constants of non-zero degree mappings from compact spin Rie-
mannian manifolds onto the standard Riemannian sphere. Assuming uniform lower bound for the scalar
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1. Introduction
Let M and N be compact Riemannian manifolds of dimension n with metrics g and g˜,
respectively. A map f : M → N is -contracting ( > 0) if
‖ f∗v‖g˜  ‖v‖g (1)
for all v tangent vectors to M . The constant  is called a contraction constant.
Notice that if f is -contracting, then it is c-contracting for all c   and that contracting
mappings could contract or stretch lengths depending on whether the contraction constant is
<1 or >1, respectively.
The degree of f : M → N between compact Riemannian manifolds is (see [3])
deg( f ) =
∫
M
f ∗ω
∫
N
ω
(2)
where ω is an n-form on N with non-zero integral.
We are interested in studying non-zero degree contracting maps into spheres, i.e., when
N = Sn .
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Let Sn = {(x1, x2, . . . , xn+1) ∈ Rn+1 :
∑k=n+1
k=1 x
2
k = 1} be the standard n sphere with the
usual Riemannian metric g0.
Given a map f : M → Sn , we define,
δ f = sup
‖ f∗v‖
‖v‖ (3)
where v runs through all non-zero tangent vectors to M . Then δ defines a map into R, i.e.,
δ : [Mn, Sn] −→ R, f −−→ δ f . (4)
By definition, any f is δ f -contracting.
For a given Riemannian manifold M , is there a non-zero degree -contracting map f : M →
Sn for any  > 0? If not, is there a lower bound for the contraction constants? How sharp is
this bound?
2. Previous lower bounds
There are some results for the case when M and N are spheres of not necessarily the same
dimensions. Let f : Sm → Sn . R. Olivier [6] proved the following.
Theorem 1 (Olivier). Let f : Sm → Sn be a differentiable mapping. If m = n and f has even
nonzero degree, or if m > n = 2 and f is not homotopic to zero, then δ f > 2.
Using algebraic topology techniques, in [2], H.B. Lawson, jr. extended this result into the
following.
Let { f } denote the homotopy class of the function f in πm(Sn) and let  : πm−1(Sn−1) →
πm(Sn) be the suspension homomorphism. Then,
Theorem 2 (Lawson). Let f : Sm −→ Sn.
(1) If m > n for any n > 0 and if f is not homotopic to zero, then δ f  2.
(2) If m = 2k > 0, 2{ f } = 0 and { f } /∈ (π2k−1(Sn−1)), then δ f  3.
In [1], introducing the scalar curvature, M. Gromov and H.B. Lawson, jr. established a lower
bound for the contraction constant for non-zero degree functions f : M → Sn , where M is a
compact oriented Riemannian n-manifold, with n  7.
Theorem 3 (Gromov–Lawson). Let M be a compact oriented Riemannian n-manifold,
n  7, with scalar curvature  1. Then, if f : (M, ∂ M) → (Sn, ∗) has non-zero degree,
then δ f >
√
n/(n − 1)(1/2nπ).
R. Schoen and S.T. Yau have established similar results in general dimensions.
Even when in higher dimensions, the scalar curvature is such a weak measure of the geom-
etry of a manifold, it imposes some restriction on the contraction constants. When the scalar
curvature of the manifold M has a strictly positive lower bound, then M cannot admit arbitrarily
contracting non-zero degree mappings onto the sphere.
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This fact was used in [1] to show that enlargeable spin manifolds cannot carry a metric with
positive scalar curvature.
In the next section we extend Theorem 3 to the case of a compact spin manifold of arbitrary
dimension n.
3. Lower bounds for compact spin manifolds
A spin manifold is an oriented manifold that carries a spin structure on its tangent bundle,
see [3].
Recall that a manifold M is spin if and only if the first and second Whitney classes of M are
both zero. Thus, spheres are spin manifolds and the spin assumption is granted automatically.
For the rest of this paper M will be assumed to be a compact spin manifold. Suppose that
n = 2m. Consider the following spin structure on (M, g),
S = PSpinn (M) ×λ Cln
with the induced connection, where λ is the representation by left multiplication andCln denotes
the complexification of Cln .
S has aZ2-grading given by the oriented “volume element” ω. Fix p ∈ M and choose a local
pointwise orthonormal tangent vector fields around p, {e1, e2, . . . , en} such that (∇ek)p = 0.
Then, ω = i n/2e1 · e2 · · · en , where · denotes Clifford multiplication.
Then S has the decomposition
S = S+ ⊕ S−
into the +1 and −1 eigenvalues of Clifford multiplication by ω.
Since Sn is spin, when n is even, over (Sn, g0) we can carry out the same construction to get
the bundle
E0 = PSpinn (S
n) ×λ Cln
with the induced metric and connection from (Sn, g0).
Fix x ∈ Sn and choose a local pointwise orthonormal tangent vector fields around x ,
{1, 2, . . . , n} such that (∇k)x = 0. Then the “volume element” ω0 = i n/21 · 2 · · · n
gives the splitting E0 = E+0 ⊕ E−0 , into the +1 and −1 eigenspaces of ω0 .
Using f , we pull-back the vector bundle E0 to the vector bundle E = f ∗E0 over (M, g),
which as a bundle over M has also the splitting E = E+ ⊕ E− = f ∗E+0 ⊕ f ∗E−0 .
Consider now the tensor product bundle S ⊗ E over M with the tensor product metric and
connection, then
S ⊗ E = (S+ ⊗ E) ⊕ (S− ⊗ E).
In terms of an orthonormal basis of tangent vectors at p, the twisted Dirac operator of S ⊗ E ,
DE : (S ⊗ E) −→ (S ⊗ E), is given by
DE =
n∑
k=1
ek · ∇ek .
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It is easy to see that DE((S ⊗ E+)) ⊆ (S ⊗ E+). Let DE+ = DE |S⊗E+ denote the restriction
of DE to S ⊗ E+.
The Dirac operator DE satisfies the Bochner–Lichnerowicz formula, (see [3])
D2E = ∇∗∇ + 14 κ + RE , (5)
where the operator ∇∗∇ : (S ⊗ E) −→ (S ⊗ E) is defined in terms of a local basis of
pointwise orthonormal tangent vector fields by
∇∗∇ = −
n∑
k=1
∇ek ∇ek + ∇∇ek ek , κ =
∑
i, j
g(Rei e j e j , ei )
is the scalar curvature of M, g is the Riemannian metric and R the curvature tensor of M .
Considering the inner product 〈· , ·〉 on the space (S ⊗ E) of cross-sections defined by
〈φ, ψ〉 = ∫M gx(φ, ψ) ∀φ, ψ ∈ (S ⊗ E), we can write equation (5) as
〈D2Eφ, φ〉= 〈∇∗∇φ, φ〉 + 14κ〈φ, φ〉 + 〈REφ, φ〉
= 〈∇φ, ∇φ〉 + 14κ ‖φ ‖2 +〈REφ, φ〉.
(6)
The curvature term is bounded below by, (see [5])
〈REφ, φ〉  − 1
4
∑
i = j
1
λiλ j
‖φ ‖2 (7)
where the scalars λi ’s satisfy pointwise f∗ei = (1/λi )i , for 1  i  n.
Thus, equation (6) gives, therefore,
〈D2Eφ, φ〉 
1
4
κ ‖φ ‖2 − 1
4
∑
i = j
1
λiλ j
‖φ ‖2 . (8)
Remark 4. Since lower bounds of 〈D2Eφ, φ〉 are given in terms of 〈REφ, φ〉, the key point is
to twist the spin bundle with a convenient twisting factor to find a appropriate lower bound of
〈REφ, φ〉. In this case, the appropriate choice of the twisting bundle factor is E+, which makes
possible the lower estimate of 〈REφ, φ〉 given by equation (7) used to obtain the sharp results.
Now we are ready for the main result in this paper.
Theorem 5. Let (M, g) be a compact spin manifold of dimension n with metric g and scalar
curvature κg  1. If f : (M, g) → (Sn, g0) is a non-zero degree -contracting mapping,
then   1/
√
n(n − 1); in particular, δ f  1/
√
n(n − 1). Moreover, if  = 1/√n(n − 1), then
f is a dilation and M ≡ Sn√
n(n−1) (an n-sphere of radius
√
n(n − 1)).
Proof. The theorem will be proved by contradiction. Suppose that there exists a non-zero
degree -contracting mapping f : (M, g) → (Sn, g0) with  < 1/
√
n(n − 1). Thus, the scalars
λi ’s in (7) satisfy∣∣∣∣ 1λi
∣∣∣∣ < 1√
n(n − 1) (9)
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and therefore,∣∣∣∣ 1λiλ j
∣∣∣∣ < 1n(n − 1)
combining with equation (7), we obtain
〈REφ, φ〉 − 14
∑
i = j
1
λiλ j
‖φ ‖2> − 14
∑
i = j
1
n(n − 1) ‖φ ‖
2
> − 14 ‖φ ‖2 (10)
and equation (6) becomes
〈D2Eφ, φ〉 > 14(κ − 1) ‖φ ‖2 0. (11)
Therefore, if κ  1, but not identically 1, then 0 = ker(D2E) = ker(DE) and ker(DE+) = 0
(see [1]). Since ker(DE+) = ker(D+E+)⊕ ker(D−E+), then ker(D+E+) = 0 = ker(D−E+). The index
of D+E+ is given by
Index(D+E+) = dim(ker(D+E+)) − dim(ker(D−E+)) = 0. (12)
However, this index is not zero. The Atiyah–Singer Index Theorem gives that
Index(D+E+) = {ch(E+) Aˆ(M)}[M],
where ch(E+) is the Chern character of E+ and Aˆ is the total Aˆ-class of M .
A compact spin manifold with κ > 0 has Aˆ(M) = 1. In this case, the index is given by
(see [3])
Index(D+E+) =
1
( 12 n − 1)!
deg( f )
∫
Sn
cn/2(E
+
0 ) = 0 (13)
since deg( f ) = 0 and the top Chern class cn/2(E+0 ) = 0 on the even dimensional sphere because
it is a non-zero multiple of the Euler number.
If κ ≡ 1, then re-writing κ = ∑ni = j (1/n(n − 1)) and replacing it in equation (8), we obtain
〈D2Eφ, φ〉 
1
4
n∑
i = j
[
1
n(n − 1) −
1
λiλ j
]
‖φ ‖2 0. (14)
Since Index(DE) = 0, then ker(DE) = 0 and there exists 0 = φ ∈ (S⊗ E)with DE(φ) = 0
and
0  1
4
n∑
i = j
[
1
n(n − 1) −
1
λiλ j
]
‖φ ‖2 0.
By (9), each term in the sum is non-negative, so 1/n(n − 1)− 1/λiλ j = 0 and λiλ j = n(n − 1)
for 1  i, j  n. Thus, λi ≡
√
n(n − 1) and f is a dilation with constant 1/√n(n − 1) and
M ≡ Sn√
n(n−1).
If dim(M) = n = 2m − 1, odd dimensional, we consider the (even) (n + 1)-dimensional
spin manifold M × S1r , with r > 1, and the function
M × S1r −−
f ×(1/r)id−−−−−−−−→ Sn × S1 −−h−→ Sn ∧ S1 ∼= Sn+1
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where S1r is the one dimensional sphere of radius r, f ×(1/r) id is defined as ( f ×(1/r) id)(p, t) =
( f (p), t/r)∀(p, t) ∈ M × S1, and where h is a 1-contracting map into the smash product of
non-zero degree. Therefore, f × (1/r) id is 1/r -contracting on the last factor and 1/√n(n − 1)-
contracting on the first factor.
Now we construct the same spinor bundles as in the even dimensional case and find the
appropriate lower bound for the curvature term in equation (8).
Without loss of generality, we can assume that the subindex n + 1 corresponds to the S1r
factor. Assuming that f is 1/√n(n − 1)-contracting, the corresponding equations to (9) are
∣∣∣∣ 1λi
∣∣∣∣  1√
n(n − 1) for 1  i, j  n and
∣∣∣∣ 1λn+1
∣∣∣∣  1r .
Separating the terms arising from M and from S1r in equation (7), the curvature term can be
bounded as follows:
〈REφ, φ〉  − 1
4
n∑
i = j
1
λiλ j
‖φ ‖2 −2 1
4
n∑
i=1
1
λn+1λi
‖φ ‖2,
〈REφ, φ〉  − 1
4
n∑
i = j
1
n(n − 1) ‖φ ‖
2 − 1
2
n∑
i=1
1
r
√
n(n − 1) ‖φ ‖
2
,
〈REφ, φ〉  − 1
4
‖φ ‖2 − 1
2
n
r
√
n(n − 1) ‖φ ‖
2
(15)
which gives the following bound for equation (6)
〈D2Eφ, φ〉
1
4
κ ‖φ ‖2 − 1
4
‖φ ‖2 − 1
2
n
r
√
n(n − 1) ‖φ ‖
2
 1
4
[
κ − 1 − 2n
r
√
n(n − 1)
]
‖φ ‖2 .
If κ  1, but not identically 1, since r is arbitrarily > 1, we conclude as before that ker(DE) = 0
and therefore, Index(D+E+) = 0 which is a contradiction since by the Atiyah Index Theo-
rem Index(D+E+) = 0.
If κ ≡ 1, then rewriting κ = ∑ni = j (1/n(n − 1)) and using (15), equation (8) gives
〈D2Eφ, φ〉 
1
4
n∑
i = j
[ 1
n(n − 1) −
1
λiλ j
− 2n
r
√
n(n − 1)
]
‖φ ‖2 0.
Since Index(DE+) = 0, there is a non-zero harmonic spinor which gives
0  1
4
n∑
i = j
[ 1
n(n − 1) −
1
λiλ j
− 2n
r
√
n(n − 1)
]
‖φ ‖2 0.
Thus, as before, λi ≡
√
n(n − 1)and f is a dilation and M ≡ Sn√
n(n−1).
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Therefore,   1/
√
n(n − 1)and by equation (3),
δ f 
1√
n(n − 1) .
Remark 6. The lower bound for δ f given by Theorem 5 is sharp.
Consider the identity function Id : (Sn, g) → (Sn, g0), where the metric on the first copy of
Sn is g = n(n − 1)g0. Then, the scalar curvature of (Sn, g) is κg ≡ 1  1 and the identity is
1/
√
n(n − 1)-contracting. In fact,
‖v‖g0 =
1√
n(n − 1)
√
n(n − 1)‖v‖g0 =
1√
n(n − 1)‖v‖g
and δId ≡ 1/
√
n(n − 1).
Under the spin hypothesis, Theorem 5 improves the lower bounds and extends Theorem 3.
Introducing the Aˆ-degree (see [3]), we can extend Theorem 3 to the case when dim(M) −
dim(Sn) = 4k for k  0.
Let M and N be compact Riemannian manifolds such that dim(M)−dim(N ) = 4k  0. Let
ω be the volume form on N with non-zero integral and let Aˆk(M) be a de Rham representative
(a closed 4k-form) of the kth component of the total Aˆ-class of M . Then the Aˆ-degree of f is
Aˆ- deg( f ) =
∫
M
f ∗ω ∧ Aˆk(M)∫
N
ω
. (16)
Theorem 7. Let (Mn+4k, g) be a compact spin manifold of dimension n + 4k with metric
g and scalar curvature κg  1. If f : (Mn+4k, g) → (Sn, g0) is a non-zero Aˆ-degree -
contracting mapping, then   1/
√
n(n − 1); in particular, δ f  1/
√
n(n − 1). Moreover,
if  ≡ 1/√n(n − 1), then f is a dilating submersion.
Proof. The proof is identical to that of Theorem 5. We need to notice the following.
(a) The lower bound for the curvature term (7) still applies since RE is the curvature of a
pull-back bundle over (Sn, g0).
(b) The scalars λi ’s are such that f∗ei = (1/λi )i for 1  i  n and f∗ei = 0 for
n + 1  i  n + 4k. The scalars λi ’s still satisfy (9).
(c) In equation (6), κ stands for the scalar curvature of Mn+4k .
(d) All the above leads to equation (12).
(e) Index(D+E+) = (1/(n/2 − 1)!)
∫
M f ∗ωnAˆ[M] = (c/(n/2 − 1)!) Aˆ-deg( f ) = 0, where
c = 0 and ωn is a generator of H n(Sn,Z).
(f) If κ ≡ 1, then κ can still be written as ∑ni = j (1/n(n − 1)) and equation (14) is the same.
Notice that in the proofs of Theorems 5 and 7, the lower bound for the curvature term is
found using bounds for the products of pairs of the scalars λi ’s. Therefore, if the function f is
contracting on “2-planes”, the same conclusions are true.
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A function f : M → N is (2, )-contracting if ‖ f ∗α‖  ‖α‖ for all 2-forms α ∈ 2(N )
(see [1]).
Corollary 8. Let (Mn+4k, g) be a compact spin manifold of dimension n + 4k with metric g
and scalar curvature κg  1. Let f : (Mn+4k, g) → (Sn, g0)be a (2, )-contracting mapping.
If k = 0 and f has non-zero degree, then   1/√n(n − 1); in particular, δ f  1/
√
n(n − 1).
Moreover, if  ≡ 1/√n(n − 1), then f is a dilating submersion. If k > 0 and f has non-zero
Aˆ-degree, then   1/
√
n(n − 1); in particular, δ f  1/
√
n(n − 1).
These conclusions are no longer valid if we require that f be contracting on k-planes with
k  3. For an explicit example see [4].
4. Lower bounds for non-compact spin manifolds
If M is not necessarily compact, we can modify the hypothesis as follows. A function f is
constant at infinity if it is constant outside a compact set. In this case, (2) and (16) still make
sense and the two concepts of degree can be extended for the non-compact case provided that
the function f is constant at infinity. Therefore,
Theorem 9. Let (Mn+4k, g) be a non-compact spin manifold of dimension n + 4k with metric
g and scalar curvature κg  1 and consider an -contracting mapping, f : (Mn+4k, g) →
(Sn, g0), which is constant at infinity. If k = 0 and f has non-zero degree, or, if k > 0 and f
has non-zero Aˆ-degree, then   1/
√
n(n − 1). In particular, δ f  1/
√
n(n − 1).
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